Abstract. We study the asymptotics of the natural L 2 metric on the Hitchin moduli space with group G = SU(2). Our main result, which addresses a detailed conjectural picture made by Gaiotto, Neitzke and Moore [GMN], is that on the regular part of the Hitchin system, this metric is well-approximated by the semiflat metric from [GMN]. We prove that the asymptotic rate of convergence for gauged tangent vectors to the moduli space has a precise polynomial expansion, and hence that the the difference between the two sets of metric coefficients in a certain natural coordinate system also has polynomial decay. Very recent work by Dumas and Neitzke indicates that the convergence rate for the metric is exponential, at least in certain directions.
Introduction
In this paper we study the asymptotic geometry of the L 2 (or 'WeilPetersson') metric g L 2 on the moduli space M 2,d of irreducible solutions to the Hitchin self-duality equations on a U(2)-bundle E of degree d over a compact Riemann surface X, modulo unitary gauge transformations. We often refer to g L 2 as the Hitchin metric on M 2,d . The space M 2,d can also be identified as the moduli space of stable Higgs pairs modulo complex gauge transformations, as well as the twisted character variety of irreducible representations of π 1 (X) into GL(2, C) modulo conjugation. The fact that g L 2 is hyperkähler reflects these various incarnations.
Many topological and geometric properties of M 2,d are now understood, and in the past few years a detailed picture has started to emerge about its asymptotic geometric structure at infinity. We shall henceforth work exclusively in the setting where G = SU(2) and d = 0; the moduli space is then denoted simply M. A key role in this story is played by the space of 'limiting configurations', M ∞ , which are solutions of a set of decoupled equations obtained as a limiting form of the Hitchin equations, again modulo unitary gauge transformations. These were initially defined and studied in [MSWW14] , at least over the subset of solutions for which the corresponding holomorphic quadratic differentials have simple zeroes (the so-called free region, denoted M ′ ), and later in greater generality by Mochizuki [Mo] . These limiting configurations are one of the two building blocks for the construction of diverging families of solutions in the free region [MSWW14] .
Entirely distinct from those developments, a remarkable conjectural picture of the asymptotic geometry of M has emerged from physics, and appears in the monumental work by Gaiotto, Moore and Neitzke [GMN] . That work develops a formalism of spectral networks on Riemann surfaces, out of which they present a construction of a hyperkähler metric g GMN which they conjecture to be precisely the L 2 metric. We refer to the short survey paper by Neitzke [Ne] for an overview of this construction. Briefly, they assert that
where g sf is a particular 'semiflat' metric on M ′ and the remainder denotes terms which decay at some exponential rate as a certain radial variable t tends to infinity.
These two points of view lead naturally to the challenge of understanding the relationship of the Gaiotto-Moore-Neitzke metric, and in particular its relationship to g L 2 . This is the goal of the present paper. In more detail, we have two main results. is naturally identified with the Gaiotto-Moore-Neitzke semiflat metric g sf .
We then interpret the construction of large elements in M ′ from [MSWW14] as giving a coordinate system on this moduli space. This can then be used to compute the coefficients of g L 2 , which leads to the following conclusion: Theorem 1.2. The L 2 metric admits an asymptotic expansion
as t → ∞. Here each G j is a symmetric two-tensor.
Remark. It is a matter of considerable interest to understand whether these polynomial correction terms are really present, or whether one can obtain exponential decay, as per the GMN conjecture. The release of this paper was delayed for some months as we investigated this question. Very recent work by David Dumas and Andy Neitzke [DN] explains that there is a remarkable cancellation that takes place in the model computation for this difference of metric coefficients along Hitchin section over C. Using a simpler version of the parametrix construction here, this can be used to show that the rate of convergence for the horizontal metric coefficients along the Hitchin section over a general compact Riemann surface X. Much remains to be done to explore the meaning of the computations leading to this cancellation, including whether it can be used to show exponential convergence of all metric coefficients, including those in the fiber directions. Because the techniques of the present paper lead to a number of other interesting results, we have chosen to post our work now. This cancellation phenomenon will be the subject of a close investigation in the near future. We note, however, that the results proved in the present paper show that despite this improvement in metric asymptotics, the gauged tangent vectors themselves converge to their limits only at a polynomial rate.
The terminology and basic definitions needed to fill out the brief discussion above will be presented in the next two sections. Following that, we study the deformations of the space of limiting configurations and prove Theorem 1.1. On the actual moduli space, one of the main technical issues is to put infinitesimal deformations of a given solution into gauge. The special types of fields encountered here which arise in this gauge-fixing require some novel mapping properties of the inverse of the 'gauge-fixing operator' L t . These are proved in §5. The remaining sections use this to systematically compute the metric coefficients in various directions, which establishes Theorem 1.2.
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Preliminaries on the Hitchin system
We begin by recalling some parts of the theory of SL(2, C) Higgs bundles, developed initially in Hitchin in [Hi87a] and subsequently extended by very many authors. The moduli space of stable Higgs pairs carries a rich geometric structure, including a natural hyperkähler structure arising from its gauge theoretic interpretation as a hyperkähler quotient [HKLR] . It is also an algebraic completely integrable system [Hi87a, Hi87b] , and hence the dense open set (the so-called regular set) is endowed with a semiflat hyperkähler metric [Fr] . We explain all of this now.
2.1. The moduli space of Higgs bundles. Let X be a compact Riemann surface of genus γ ≥ 2, K X its canonical bundle, and p ∶ E → X a complex rank 2 vector bundle over X. A holomorphic structure on E is equivalent to a Cauchy-Riemann operator∂ ∶ Ω 0 (E) → Ω 0,1 (E), so we think of a holomorphic vector bundle as a pair (E,∂). A Higgs field Φ is an element Φ ∈ H 0 (X, End(E) ⊗ K X ), i.e., a holomorphic section of End(E) twisted by the canonical bundle. An SL(2, C) Higgs bundle is a triple (E,∂, Φ) for which the determinant line bundle det E ∶= Λ 2 E is holomorphically trivial, in particular deg E = 0, and the Higgs field Φ is traceless. Thus, with End 0 (E) the bundle of tracefree endomorphisms of E, Φ ∈ H 0 (X, End 0 (E) ⊗ K X ). In the sequel, a Higgs bundle will always refer to this special situation. Thus a Higgs bundle is completely specified by a pair (∂, Φ).
The special complex gauge group G c consisting of automorphisms of E of unit determinant acts on Higgs bundles by (∂, Φ) ↦ (g 
We use here the abbreviated notation H j (F ) for H j (X, F ). The holomorphic structure on End 0 (E) is inherited from the one on E, and the maps H
acting on the sheaf of holomorphic sections of End 0 (E). The restriction of the natural nondegenerate pairing H
from Serre duality gives rise to a holomorphic symplectic form η on M which extends the natural complex symplectic form of T * N . Note also that H
2.2. Algebraic integrable systems. We next exhibit on the complex symplectic manifold (M, η) the structure of an algebraic integrable system [Hi87a, Hi87b] . Let B = H 0 (K 2 X ) denote the space of holomorphic quadratic differentials, and Λ ⊂ B the discriminant locus, consisting of holomorphic quadratic differentials for which at least one zero is not simple. This is a closed subvariety which is invariant under the multiplicative action of C × , and hence B ′ ∶= B ∖ Λ is an open dense subset of B. The determinant is invariant under conjugation, hence descends to a holo-
called the Hitchin fibration [Hi87a] . This map is proper and surjective. It can be shown that there exist 3(γ − 3) linearly independent functions on M ′ ∶= det −1 (B ′ ) which commute with respect to the Poisson bracket corresponding to the holomorphic symplectic form η. Hence, M ′ is a completely integrable system over this set of regular values, cf. [GS, Section 44] ) and [Fr] . In particular, generic fibres of det are affine tori. Identifying T * q B ′ with the invariant vector fields on M ′ q yields a transitive action on the fibres by exponentiation. The kernel Γ q is a full lattice in T * q B ′ , and Γ = ⋃ q∈B ′ Γ q is a local system over B ′ . This gives an analytic family of complex tori A = T * B ′ Γ. Since Γ is complex Lagrangian for the holomorphic symplectic form ω T * B ′ , this form descends to a holomorphic symplectic formη on A.
We now and henceforth fix a holomorphic square root
of the canonical bundle. We then define the Hitchin section of M by
On each fiber, this is the Albanese mapping determined by the point H(q) ∈ M ′ q . We must also identify the affine complex torus M ′ q algebraically; this turns out to be a subvariety of the Jacobian of the related Riemann surface
called the spectral curve associated to q. Since the zeroes of q are simple, p q ∶= p Sq ∶ S q → X is a twofold covering between smooth curves with simple branch points at the zeroes of q, hence by the Riemann-Hurwitz formula, S q has genus 4γ − 3. We think of points of S q as the eigenvalues of Φ (this explains the name spectral curve). This is described more intrinsically using the holomorphic Liouville form
this is simply the pullback of the tautological one-form on K X to the spectral curve, and in particular is a closed form. If q is clear from the context, we simply write λ SW . Now denote by σ q the involution of S q obtained by restricting the map σ which is multiplication by −1 on the fibres of
Summarizing, any Higgs bundle (∂, Φ) with det Φ ∈ B ′ induces a pair (S q , L + ) with L + ⊗ Θ q ∈ PPrym(S q ). Conversely, (∂, Φ) with q = det Φ ∈ B ′ can be recovered from a line bundle in PPrym(S q ). Consequently, the choice of square-root Θ q = K [Fr] , and see [HHP] for the case of Hitchin systems.
The analytic family of spectral curves S = ⋃ q∈B ′ S q → B ′ induces a special Kähler metric on B ′ . To see this, first identify the Albanese varieties of the previous section with
and H 1 (S q ; Z) under the involution σ, cf. [BL, Proposition 12.4.2] . Moreover, considering B ′ as the σ-invariant deformation space of a given spectral curve S q , we have
odd where the canonical symplectic form dλ on K X is used to identify the normal bundle N Sq of S q with the canonical bundle of K Sq (cf. also [Ba, HHP] ). It follows that T *
, we can choose a symplectic basis for the intersection form, α 1 (q), . . . , α m (q), β 1 (q), . . . , β m (q), m = 3γ − 3, in Γ q . This intersection form (the polarization of Prym(S q )) is twice the restriction of the intersection form of S q (the canonical polarization of the Jacobian of S q ), cf. [BL, p. 377 ].
An important feature of any special Kähler metric is the existence of conjugate holomorphic coordinate systems (z 1 , . . . , z m ) and (w 1 , . . . , w m ). These give rise to Darboux coordinates (x 1 , . . . , x m , y 1 , . . . , y m ) for ω via Re(z i ) = x i and Re(w i ) = −y i . The local system Γ = ⋃ q∈B ′ Γ q is spanned locally by differentials of Darboux coordinates (dx i , dy i ) and induces a real, torsionfree, flat symplectic connection over B ′ . Thus we can choose the coordinates (x i , y i ) in such a way that conjugate holomorphic coordinates are Fr, Proof of Theorem 3.4] . In terms of these, the Kähler form equals
There is an alternate and quite explicit expression for ω sK . To this end, observe that [HHP] we have
where τq is the holomorphic 1-form on S q corresponding toq under the isomorphism
There is a seemingly anomalous factor of 1 2 here compared to the cited formula in [HHP] . The reason is that, as the computations below show, their expression αq which appears in the right hand side of their formula for the Gauss-Manin derivative of λ SW is precisely 1 2 of τq as we have defined it here.
In a local holomorphic coordinate chart,
2 , and since z = 0 is a simple zero of q, f (0) = 0 but f
is a holomorphic 1-form on S q . Now consider the deformation q s = q + sq, which in local coordinates equals (f + sḟ )dz 2 . This determines a family of spectral curves S s given locally by w 2 = f (z) + sḟ (z). Near a zero of q we regard w and s as the independent variables and z = z(s, w). Taking the s-derivative yields 0 = (f
Thus, in such a neighborhood, the vector field V 1 = −(ḟ f ′ )∂ z determines the normal variation. On the other hand, in any neighborhood where f ≠ 0, we regard z and s as the independent variabes and w = w(s, z); in the same way we obtain 2wẇ =ḟ , so V 2 = (ḟ 2w)∂ w is another normal vector field. These patch together to determine a section Nq of the normal bundle N S = (T * X S ) T S since f ′ (z)dz − 2wdw = 0 defines T S and V 1 − V 2 is annihilated by this form. Finally, noting that S is complex Lagrangian with respect to dλ SW , we compute that
the two expressions agreeing since 2wdw = f ′ dz on S. However, this expression is precisely 1 2 τq, which confirms (2).
Remark. The special case whereq = q is of particular interest since it generates the C × action on B ′ . For this infinitesimal variation, we have τ q = λ SW and hence
The associated Kähler metric g sK (q,q) equals ω sK (q, Iq) for the constant complex structure I = i. It is therefore given by
where we have used the Riemann bilinear relations. Here dA is the area form on S q induced from the one on X for any metric in the given conformal class on X and we recall that the quantity α 2 dA is conformally invariant when α is a 1-form. Note also that ∫ c λ SW vanishes for any even cycle c, since λ SW is odd with respect to σ. This identifies the special Kähler metric on T q B ′ with an eighth of the natural
Using τq =q λ SW and λ 2 SW = q we obtain that τq 2 = q 2 q and so the last integral may be converted into an integral over the base Riemann surface:
(Each integrand here is conformally invariant.) This representation of the special Kähler metric will be important later. We single out one key consequence of the preceding discussion.
Corollary 2.1. The special Kähler metric g sK depends smoothly on the basepoint q ∈ B ′ .
This may be seen from local coordinate expressions for τq above, which not only exhibit this form as holomorphic on S q , but also show that it depends smoothly on q, even near the branching locus of S q . Note that this smoothness is not immediately apparent from some of the other expressions, e.g. the final one in (4).
We conclude this section by discussing the conic structure of this metric. Consider the C × -action on B ′ :
It is immediate from (1) and the defining relation λ 2 SW = q on S q that the coordinates z i and w i are homogeneous of degree 1:
Euler's formula for the derivative of homogeneous functions now gives that ∑ i z i ∂w j ∂z i = w j , hence
defines a holomorphic prepotential. Indeed, since ∂w i ∂z j = ∂w j ∂z i we get
This holomorphic prepotential is of course homogenous of degree 2, i.e.
. This establishes B ′ as a conic special Kähler manifold, see Proposition 6 in [CM] .
Computing locally again, we find using the Riemann bilinear relations and the relation τ 2 q = q that the Kähler potential is given by
is an isometry. This establishes that B ′ is a metric cone. In particular, for q ∈ B ′ with ∫ X q = 1 the curve t ↦ t 2 q is a unit speed geodesic. As a check on this, observe that
On the other hand,
′ . Thus Equations (6) and (7) indeed reconfirm the conic structure of g sK .
2.4. Hyperkähler metrics. A Riemannian manifold (M, g) is called hyperkähler if it carries three integrable complex structures I, J and K which satisfy the quaternion algebra relations and such that the associated 2-forms ω C (⋅, ⋅) = g(⋅, C⋅), C = I, J, K, are each closed. In particular, every specialization (M, C, ω C ) is Kähler whence the name hyperkähler. The two examples of hyperkähler metrics of interest here are the Hitchin metric on M and the semiflat metric on M ′ .
is any manifold with a special Kähler structure, with Kähler metric g sK , then T * M carries a natural semiflat hyperkähler metric g sf , cf. [Fr, Theorem 2.1] . The name semiflat comes from the fact that g sf is flat on each fibre of T * M . In particular, if Λ is a local system of full rank on M , then g sf pushes down to a semiflat metric on the torus bundle T * M Λ. We consider this in the special case M = B ′ , where
The existence of such a metric is common to any algebraic integrable system, [Fr, Theorem 3.8] .
To construct g sf , note that the connection ∇ induces a distribution of horizontal and complex subspaces of T * M . Then, relative to the decomposition
; the integrability is ensured by the differential geometric conditions on a special Kähler metric. It is clearly flat in the fibre directions. In local coordinates (x i , y i , p i , q i ) of T * M induced by Darboux coordinates (x i , y i ) for ω, the Kähler form ω I for the natural complex structure on T * M is
As noted earlier, if M = B ′ , then g sf descends to the quotient A = T * B ′ Λ, and thus induces a metric on M ′ which we still denote by g sf . The invariant vector fields on the fibres of M ′ are given by the η-Hamiltonian vector fields X f of functions f ○ π where f is a locally defined function on B ′ (see for instance [GS, (44.5 
′ amounts to computing the metric on
obtained by dualizing with respect to the L 2 -metric simply is the composition
where the first arrow is given by Serre duality and the second one by complex conjugation¯∶ H 0,1
(S q ), exchanging the space of antiholomorphic and holomorphic forms.
This shows that the vertical part of the semiflat metric is the natural L 2 -metric on Prym(S q ). We return to this fact in Section 3.
We also wish to describe the Prym variety in terms of unitary data. In fact, each line bundle L in Prym(S q ) corresponds to an odd flat unitary connection on the trivial complex line bundle. In other words, L is represented by a connection 1-form η ∈ Ω 1 (S q , iR) such that dη = 0 and σ * η = −η. This space is acted on by odd gauge transformations, i.e., maps
which is the form of the metric we will use from now on. In Section 3 we will reinterpret the space of imaginary odd harmonic 1-forms on S q as a space of L 2 -harmonic forms with values in a twisted line bundle on the punctured base Riemann surface X × , reducing the L 2 -integral over S q to an integral over X.
Parallel to Corollary 2.1 we have Corollary 2.2. The semiflat metric is smooth on M ′ .
Hitchin metric.
The second hyperkähler metric we consider is defined on all of M and stems from a gauge-theoretic reinterpretation of M. More concretely, fix a hermitian metric H on E. Holomorphic structures∂ are then in 1 − 1-correspondence with special unitary connections. After the choice of a base connection these correspond to elements in Ω 0,1
For such an endomorphism valued form A we denote the corresponding Cauchy-Riemann operator by∂
where Φ is regarded as a section of Λ 1,0 T * X ⊗ sl(E). In particular, we get an induced G c -action on (A, Φ). We denote this action
) for g ∈ G c . Hitchin [Hi87a] proves that in the G c -equivalence
) unique up to special unitary gauge transformations such that the so-called self-duality equations (with respect to H)
hold. Here, F A denotes the curvature of A and Φ * is the hermitian conjugate; we refer to H as the Hitchin map.
Remark. Alternatively, we can fix a Higgs bundle (∂, Φ) and ask for a hermitian metric H such that
where * H is the adjoint taken with respect to H and F H is the curvature of the Chern connection A. The pair (A, Φ) is then a solution to the self-duality equation with respect to H.
Stability of (E, Φ) translates into the irreducibility of (A, Φ). If G denotes the special unitary gauge group it follows that
The equations (9) can be interpreted as a hyperkähler moment map with respect to the natural action of the special unitary gauge group G on the quaternionic vector space Ω 0,1
(sl(E)) with its natural L 2 -metric. Consequently, this metric descends to a hyperkähler metric on the quotient M [HKLR] . We describe this metric next. Let su(E) denote the skew-hermitian tracefree endomorphisms of E. Fix a configuration (A, Φ) and consider the deformation complex
is the linearized action of G at (A, Φ), while the second is the linearization of the Hitchin map,
The tangent space to M at [A, Φ] is then identified with the quotient
We endow sl(E) with the hermitian inner product given by ⟨A, B⟩ = Tr(AB * ).
with respect to the L 2 metric in (11) below if and only if
If this is satisfied, we say that (Ȧ,Φ) is in Coulomb gauge. For tangent vectors (Ȧ i ,Φ i ), i = 1, 2 in Coulomb gauge, the induced L 2 -metric is given in terms of any given choice of a metric in the conformal class on X by
where α i denotes the (0, 1)-part ofȦ i , i = 1, 2. This choice of hermitian metric on Ω
(sl(E)) turns it into a hyperkähler manifold, cf.
[Hi87a]. Therefore,
Remark. There is a similar construction when the determinant of the Higgs bundles are not holomorphically trivial, and it can be shown that the L 2 -metric on the moduli space is complete if the degree of E is odd.
The first goal of this paper is to show that in a sense to be specified below, the semiflat metric is the asymptotic model for the Hitchin metric.
3. The semiflat metric as L 2 -metric on limiting configurations
Our goal in this section is to understand the semiflat metric on M ′ as a 'formal' L 2 -metric on the space of limiting configurations.
3.1. Limiting configurations. One of the main results in [MSWW14] is that the degeneration of solutions (A, Φ) to the self-duality equations as q = det Φ → ∞ is described in terms of solutions of the associated decoupled equations.
Definition 3.1. Let H be a hermitian metric on E and suppose that q ∈ H
where A ∞ is a flat unitary connection A ∞ and Φ ∞ is a Higgs field which is everywhere normal and satisfies det Φ ∞ = q. This pair thus satisfies the equations (12)
The unitary gauge group G acts on the space of solutions (A ∞ , Φ ∞ ) to (12), and we define the moduli space M ∞ = {all solutions to (12)} G.
Strictly speaking, we have only considered solutions over differentials q ∈ B ′ , which correspond to the open subset M ′ ∞ of this moduli space. We refer to [Mo] for the definition and description of limiting configurations over points q ∈ B ∖ B ′ . There is some ambiguity in this definition in that we can either divide out by gauge transformations which are smooth across the zeroes of q or by ones which are singular at these points. The latter group is more complicated to define because it depends on q, and most elements in its gauge orbit are singular. However, it is not so unreasonable to consider since, as we discuss later in this section, tangent vectors to M ∞ are 'renormalized' to be in L 2 by using differentials of such singular gauge transformations. At the other extreme, we may take a view consonant with the original definition of limiting configurations in [MSWW14] , where each (A ∞ , Φ ∞ ) is assumed to take a particular normal form in discs D p around each zero of q. This is no restriction because any limiting configuration which is bounded near the zeroes of q can be put into this form with a (bounded) unitary gauge transformation. With this restriction, we divide out by unitary gauge transformations which equal the identity in each D p .
Let us note a few properties of this space. First, it still possesses a Hitchin fibration
A priori this is only defined on X × q , but is bounded near the punctures, hence extends holomorphically to all of X. Second, M ∞ has a 'semi-conic' structure, This space arises as a limit of M in two separate ways. On the one hand, it is shown in [MSWW14] that for any Higgs pair (A, Φ), there is a complex gauge transformation g ∞ which is singular at the zeroes of q, and is unique up to unitary transformations, such that (A, Φ) g∞ is a limiting configuration (A ∞ , Φ ∞ ) with det Φ ∞ = det Φ. Using that g ∞ is the limit of smooth complex gauge transformations, one may approximate elements of M ∞ by sequences of elements in M. On the other hand, consider instead the family of moduli spaces M t consisting of solutions to the scaled Hitchin equations
modulo unitary gauge. It follows from [MSWW14] that at least away from the discriminant locus, this family of spaces converges to M ∞ , i.e.,
This convergence is locally C ∞ . Although we do not use these facts explicitly, they are conceptually interesting and may have some use.
Let us now proceed with an alternate description of M ′ ∞ . We may recast Definition 3.1 into one involving harmonic metrics.
Definition 3.2. Let (E,∂ E , Φ) be a Higgs bundle such that q = det Φ has only simple zeroes. A limiting metric is a flat hermitian metric
Here F H∞ is the curvature of the Chern connection A H∞ of H ∞ .
Fixing a hermitian metric H, a limiting configuration is obtained from a limiting metric as follows. Express H ∞ with respect to H with an Hselfadjoint endomorphism field Ξ ∞ , so
∞ Φg ∞ constitute a limiting configuration in the complex gauge orbit of the Higgs pair (A, Φ).
The interpretation of the limiting metric for a Higgs bundle goes back to an observation by Hitchin and is described in detail in [MSWW15] , see also [Mo] . We review this now.
Fix q ∈ H 0 (K 2 X ) with simple zeroes. Let p q ∶ S q → X denote the spectral cover and L ± ⊂ p * q E the eigenlines of p * q Φ; these are exchanged by the involution σ. Then L + = L ⊗ p * q Θ * for a fixed choice of a square root Θ of the canonical bundle K X and a holomorphic line bundle
, and is singular at the punctures. Furthermore, since L is a holomorphic line bundle of zero degree, it admits a flat hermitian metric h. Altogether, we form the singular flat metric h + = h(qq) 1 4 on L + . If A h and A q denote the Chern connections of the metrics h and (qq) 1 4 , respectively, then the Chern connection A h+ of h + is the tensor product of A h and A q . Pulling back gives the metric
and thus descends to a limiting metric H ∞ on E. (We use here that p * q E decomposes holomorphically as the direct sum of the line bundles L + and L − on the punctured spectral curve S × q .) Varying the holomorphic line bundle L ∈ Prym(S q ), we obtain all limiting configurations associated to q, which identifies Prym(S q ) with the torus M ∞ (q) of limiting configurations associated to q, see [MSWW14] . We describe this more concretely. Fix a C ∞ -trivialization C = S q × C of the underlying line bundle, with standard hermitian metric h 0 . With respect to this metric, any holomorphic structure on this trivial bundle is represented by a flat unitary connection d + η, where η ∈ Ω 1 (S q , iR) is closed and odd under the involution, σ * η = −η. Clearly, d + η is the Chern connection of h 0 for the holomorphic structure∂ + η 0,1 and h + = h 0 (qq) 1 4 gives rise to the limiting metric H ∞ . The Chern connections satisfy A h+ = A q + η and A h− = A q − η on L+ and L − , respectively.
There is also a Hitchin section in M ∞ corresponding to any choice of square-root Θ = K 1 2 X . Thus consider E = Θ ⊕ Θ * with Higgs field
This has spectral data L = O Sq ∈ Prym(S q ), corresponding to η = 0. Indeed, note that from [BNR, Remark 3.7 
X , so by the push-pull formula,
and hence by the spectral correspondence, M = p * q Θ. This shows that L + = p * q Θ * and so L = O Sq as claimed. Let H ∞ be the limiting metric for this Higgs bundle.
Lemma 3.1. The limiting metric on the Higgs bundle (E, Φ) above is given up to scale by
with respect to the decomposition E = Θ ⊕ Θ * .
Proof. It suffices to check that Φ is normal w.r.t. H ∞ on the punctured surface X × . To that end, trivialize Θ ±1 locally by dz ±1 2 , so if q = f dz 2 then
The eigenvectors
We now fix a background hermitian metric H = k ⊕ k −1 on E with Chern connection A H = A k ⊕ A k −1 , and consider the limiting configuration (A ∞ (q), Φ ∞ (q)) corresponding to H ∞ . In the following we write q with respect to the decomposition E = Θ ⊕ Θ * .
Remark. Note that if z is a local holomorphic coordinate around a zero of q such that q = −zdz 2 and k is the flat metric induced by the holomorphic trivialization, these formulae reduce to the standard expression for the (limiting) fiducial solution
cf. [MSWW14] .
If we then set
and consequently
as desired.
Pulled back to the spectral curve, the limiting configuration attains the
Observe now that the pull-back bundle p * q L Φ∞ is spanned by the section is ∞ where
This section s ∞ is parallel w.r.t A ∞ (q), so p * q L Φ∞ is trivial as a flat line bundle, i.e., isomorphic to iR = S 
In order to prove this proposition we need the following Lemma 3.4. The restriction map
is an isomorphism.
Proof. In the following imaginary coefficients are understood. Since S × q is a σ-invariant subset of S q , there is a long exact cohomology sequence: 
For later use we record 
Proof. This follows from the fact that the space of L 2 -harmonic 1-forms is conformally invariant in 2 dimensions.
be the corresponding space of L 2 -harmonic forms downstairs.
Proof of Proposition 3.3. It remains to check that the isomorphism from Lemma 3.4 is compatible with the integer lattices. This is clearly the case for the map H 
3.2. Horizontal directions. The Hitchin section is a horizontal Lagrangian submanifold in M ′ , cf. the remark in Section 2.3. Any smooth family of holomorphic quadratic differentials q(s) ∈ B ′ can thus be lifted to a family of Higgs bundles H(s) = (E, Φ(s)) in the Hitchin section. Fixing a hermitian metric H on E, we denote the family of limiting configurations corresponding to (A H , Φ(s)) by (A ∞ (s), Φ ∞ (s)). Settingq = ∂ ∂s q(s), then a brief calculation shows thaṫ
Assuming the zeroes ofq do not coincide with those of q, or equivalently, the deformation is not radial, thenȦ ∞ has double poles at the zeroes of q, sȯ A ∞ ∈ L 2 . However, somewhat remarkably,Ȧ ∞ is pure gauge and (Ȧ ∞ ,Φ ∞ ) can be transformed to lie in L 2 , albeit with a singular gauge transformation. In fact, this gauged variation even satisfies the gauge-fixing equation, and its L 2 norm turns out to be simply the semiflat metric. To be more precise, set
We next show that (0, ϕ ∞ ) satisfies the Coulomb gauge condition, again with the caveat that this is accomplished only by a singular gauge transformation.
and hence
Now one easily calculates
and finally
Finally, the following result follows directly from the definitions and formulae above. 
(q).
We shall use γ ∞ , the infinitesimal gauge transformation which regularizes A ∞ , to generate all horizontal lifts ofq. Note that since d A∞ γ ∞ =Ȧ ∞ , we have
Lemma 3.8. Settingη = [η∧γ ∞ ], then equations (16) und (17) are satisfied, hence (Ȧ ∞ +η,Φ ∞ ) is the horizontal lift ofq at (A ∞ + η, Φ ∞ ).
Proof. By the Jacobi identity,
pure gauge, which means that (Ȧ ∞ +η,Φ ∞ ) is horizontal with respect to the Gauß-Manin connection.
As before, applying γ ∞ toΦ ∞ gives the gauge equivalent infinitesimal deformation (0, ϕ ∞ ) of (A ∞ + η, Φ ∞ ). The following is then an immediate consequence of the fact that the Hitchin fibration is a Riemannian submersion. 
Each class in H 1 (X × ; L Φ∞ ) possesses a distinguished closed and coclosed L 2 representative α ∞ . By Lemma 3.4 and Corollary 3.5, α ∞ is the restriction of the unique harmonic representative of the corresponding class in H 1 (S q ; iR) odd .
Proof. This is a trivial consequence of α ∞ being coclosed andΦ ∞ = 0.
Proposition 3.11. If α ∞ is as above then
Proof. This follows from the above discussion along with Equation (8).
Mixed terms. pointwise. This scalar function is integrable, so the L 2 inner product of these two vectors vanishes. Hence the off-diagonal parts of the L 2 inner product and the semiflat inner product agree.
Proof. The gauged tangent vector corresponding to a horizontal deformation (Ȧ ∞ ,Φ ∞ ) is of the form (0, ϕ ∞ ), while the gauged tangent vector corresponding to a vertical deformation is of the form (α ∞ , 0). These are clearly orthogonal pointwise. On the other hand, the orthogonality of vertical and horizontal tangent vectors in the semiflat metric is part of the definition.
We conclude this section by remarking that if one uses only the formulae in this section, it is not easy to conclude that g depends smoothly on the points in M ′ . Indeed, taking higher derivatives ϕ ∞ 2 in the base direction seems to lead to nonintegrable singularities at the zeroes of q. However, using the identifications in this section and appealing back to Corollaries 2.1 and 2.2, we see that the renormalized L 2 metric on limiting configurations is indeed smooth.
The approximate moduli space
Our goal is to understand the asymptotics of the L 2 metric on the open subset M ′ of the Hitchin moduli space. In this section we recall and slightly recast the construction of approximate solutions from [MSWW14] in terms of parametrized families of data and solutions, and then use these families to define and study the L 2 metric on M ′ . In more detail, consider a smooth slice S ∞ in the premoduli space (M ∞ ) ′ of limiting configurations over B ′ , i.e., the space of solutions to the uncoupled Hitchin equations before passing to the quotient by unitary gauge transformations. Thus S ∞ corresponds to a coordinate chart on M ′ ∞ . The construction in [MSWW14] produces from this a smooth family of approximate solutions S app , and then perturbs each element of S app to an exact solution. We add to this the observation that this final perturbation map is smooth in these parameters, so we obtain a slice S in the space of solutions to the Hitchin equations, which in turn corresponds to a coordinate chart in M ′ . We expand on this slightly in §10. In the previous section we studied the L 2 inner products of renormalized gauged tangent vectors (M ∞ ) ′ and showed that these correspond precisely to the inner products for the semiflat metric. The construction above yields tangent vectors, initially to the slice S app , and then to the slice S. To analyze the L 2 metric we first put these tangent vectors into gauge and then compute the appropriate integrals defining the metric. Each of these steps introduces correction terms to g sf . The next four sections contain details of this for pairs of tangent vectors to the approximate moduli space which are, respectively, horizontal, radial, vertical and 'mixed'. The main correction terms arise here. The final §10 shows that only an exponentially small further correction is introduced when passing from the approximate to the true moduli space.
In the initial step in the gluing construction, a limiting configuration ) for some β > 0. It is straightforward to check that this construction may be done smoothly in all parameters. Thus from a smooth finite dimensional family S ∞ of limiting configurations transverse to the gauge orbits, we obtain a smooth finite dimensional family of fields S app . We think of this family as a submanifold of a premoduli space (M app ) ′ of approximate solutions, which hence determines a coordinate chart in the approximate moduli space (M app ) ′ . Since this discussion is local in the moduli spaces, we may work entirely with these slices, and so do not need to define this approximate moduli space carefully. For convenience, however, we shall frequently refer to tangent vectors to (M app )
′ , which are tangent vectors to S app which have been further modified to satisfy the gauge condition. All of this is done, of course, only in some fixed neighborhood of infinity in the Hitchin base, B ′ ∩ {q ∶ q ≥ t 2 0 }. To be more specific, fix q ∈ B ′ and let (A ∞ , Φ ∞ ) denote the unique limiting configuration for the Hitchin section with det Φ ∞ = q. By (15) 
Here h t (r) is the unique solution to (r∂ r ) 2 h t = 8t 2 r 3 sinh 2h t on R + with specific asymptotic properties at 0 and ∞, and f t ∶= are regular at r = 0. More specifically,
• ψ(ρ) is monotonically decreasing (and strictly positive) for ρ > 0.
These expansions hold in the classical sense, and there are corresponding expansions for each derivative. The function K 0 (ρ) is the Bessel function of imaginary argument of order 0. In the following result and for the rest of the paper, any constant C which appears in an estimate is assumed to be independent of t. ≤ C, t ≥ 1.
It follows from the results in [MSWW14] that the approximate solution S app t satisfies the self-duality equations up to an exponentially decaying error as t → ∞, and hence there is an exact solution (A t , Φ t ) in its complex gauge orbit (unique up to real gauge transformations) which is no further than Ce −βt pointwise away for some β > 0.
Gauge correction
The L 2 metric is defined in terms of infinitesimal deformations which are orthogonal to the gauge group action. An arbitrary tangent vector can be brought into this form by solving the gauge-fixing equation on all of X. We first describe gauge-fixing in general and then estimate the gauge correction term in this particular instance.
At the end of §2.4.2, we introduced the deformation complex and its differentials D 
where
The operator L ̺ is smooth on R 2 , and converges exponentially quickly as
here ∆ ∞ is the Laplacian for A fid ∞ and M ∞ = −2π
, both expressed in terms of ̺.
It follows from (23) ).
(Note that we might expect an additional factor of t −4 3 on the right side of this equation; this actually does appear because of the homogeneity of the measure dσ(z), cf. also the proof of Proposition 5.3 below. To check this, we calculate
since the delta function in two dimensions is homogeneous of degree −2. We next check that G fid t is uniformly bounded in L 2 for t ≥ 1 (and indeed its norm decreases as t → ∞). To this end, define
(dσ(w)) is unitary for all t. We then write
is the limiting configuration used in the approximate solution S app t , let G ext denote an inverse (or even just a parametrix up to smoothing error) for the corresponding operator L ∞ on the exterior region. Writing D p (a) for the disk of radius a around p, choose a partition of unity {χ 1 , χ 2 } subordinate to the open cover ⊔ D p and X ∖ ⊔ D p (7 8). Choose two further cutoff functionsχ 1 andχ 2 so thatχ j = 1 on the support of χ j , and with
As an equation of distributions on X × X,
this remainder term
is a smoothing operator; indeed, the support ofχ j (z) does not intersect the support of ∇χ j (z), j = 1, 2, and the Green functions are singular only along the diagonal, so the first two terms have smooth kernels. The remaining term R ext is the smoothing error G ext L t = Id − R ext . Suppose now that u t and f t satisfy L t u t = f t , or equivalently, u t = G t f t . ApplyingG t to f t instead gives that
We are interested in two specific mapping properties. The first one when f t is supported in the exterior region, outside the disks, and the second when f t is supported in one of these balls and has the form f t (r, θ) = f (t 2 3 r, θ). We consider these in turn.
Proposition 5.2. Suppose that L t u t = f , where f is C ∞ and supported in the exterior region
where C is independent of t. Next, the coefficients of ∆ At = L t − t 2 M Φt and of M Φt are uniformly bounded in C ∞ on X ′ , so employing local elliptic estimates there, and using the estimate above for the L 2 norm of u t shows that u t H k+2 (X ′ ) ≤ Ct 2 f H k (X) , again with C independent of t. We turn this estimate into one over D p as follows. We first extend u t from X ′ to a function v t on X such that v t H k+2 (X) ≤ Ct 2 f H k (X) . In particular, the difference w t ∶= u t − v t satisfies Dirichlet boundary conditions on D p and vanishes on X ′ . Also, the restriction to D p of w t satisfies L t w t = −L t v t . Because the coefficients of the operator L t are polynomially
, proving the claim.
We now come to a key concept. The class of functions (or fields) which arise in the rest of this paper have the property that they decay exponentially as t → ∞ away from the zeroes of q, but concentrate with respect to the natural dilation near each of these zeroes. We call the building blocks of such functions exponential packets.
Definition 5.1. A family of functions µ t (z) on R 2 is called an exponential packet if it is of the form µ t (z) = µ(t 2 3 z) where µ(w) is smooth and decays like e −β w 3 2 along with all of its derivatives for some β > 0. Slightly more generally, we shall also encounter families of the form (t 2 3 z ) τ µ(t 2 3 z) where µ is smooth and exponentially decreasing and τ > 0. We refer to these too as exponential packets. A weighted exponential packet is a function of the form t σ µ t (z), where σ ∈ R and µ t (z) is an exponential packet. Finally, we say simply that a function µ t on X is a (convergent) sum of exponential packets if in the standard holomorphic coordinate in each D p it is a C ∞ convergent sum of expontial packets and decays like e −βt for some β > 0 along with all its derivatives outside of the D p . If the exponential packets involve factors of (t 2 3 z ) τ as above, then the sense in which these sums converge must be modified. In the applications below we shall only encounter the same extra factor (t 2 3 z ) 1 2 in all terms of the sum, so it may be simply pulled out of the sum.
Proposition 5.3. Suppose that f t (z) is an exponential packet supported in some D p . Then u t = G t f t is a weighted exponential packet t −4 3 µ t (t 2 3 z).
Proof. Denoting the area form by σ, we have
Thus if we set w = t 2 3 z, then the right hand side equals
This computation shows that G fid t f t is exponentially small outside of D p (1 2), say.
Now fix a cutoff function χ which equals 1 in D p (3 4) and which vanishes outside D p (7 8), and setũ t = χG fid t f t . (In other words, we localize the function
The calculation above shows that h t decays exponentially. Hence writing u t =ũ t − v t , then v t = G t h t decays exponentially, first in any Sobolev norm, then in C ∞ . This proves the result.
We record a final useful calculation.
5.2. Smooth dependence on parameters. The considerations above will be applied in the next sections to prove the existence of expansions as t → ∞ for the various components of the L 2 metric. An important addendum is that these are true polyhomogeneous expansions, i.e., the derivatives with respect to various parameters of these metric coefficients have the corresponding differentiated expansions. For certain derivatives, e.g. those with respect to t, this is not hard to deduce. However, it is much less obvious for derivatives in other directions, particularly those with respect to q. We now discuss the reasoning which will lead to this conclusion in all cases.
The first key point is the fact that the spectral curve S q varies smoothly as q varies in B ′ . This follows immediately from the nonsingularity of the defining relation λ 2 SW − q = 0 when q lies away from the discriminant locus. We have also already described the normal vector field Nq arising from the variation S q+sq . It is evident from the discussion in §2.3 that Nq is tangent to the zero section 0 of K X at the intersection points S q ∩ 0, i.e., at the zeroes of q.
The second key point is that the (sums of) exponential packets encountered below are mostly of a very special type in that they lift to restrictions to S q of globally defined functions on K X which decay exponentially along the fibers. To make this precise, we define the class of global exponential packets and their sums. By definition, a sum of global exponential packets is a function µ on the total space of K X which is smooth away from the zero section, has an integrable polyhomogeneous singularity at 0, and decays exponentially as w → ∞ in each fiber of K X . The last two conditions here mean that in standard coordinates (z, w) on K X , µ(z, w) ∼ ∑ µ j (z, arg w) w γ j as w → 0, where each µ j is smooth and the exponents γ j → ∞, and µ(z, w) ≤ Ce To compute the asymptotics as t → ∞, it clearly suffices to restrict to the disks D i around the zeroes of q, and using local coordinate expressions in these neighorhoods, we reduce to the previous calculations. The smoothness in q and t are now both straightforward since the spectral curve varies smoothly in these parameters. In the case where µ has a polyhomogeneous singularity along the zero section, we use that the variation of S q is tangent to the zero section, and by definition of polyhomogeneity, estimates for µ are stable with respect to such differentiations.
Horizontal asymptotics of the L 2 -metric
In this and the next few sections, we put into gauge the infinitesimal deformations of the families of approximate solutions, and then evaluate the L 2 metric on these. We begin now by considering the horizontal tangent
Henceforth, fix an approximate solution
Now consider the variations of (18) and (19) with respect to q:
and (28)
′ at S app t , cf. Lemma 3.8. The gauge-correction is a two-step process. First we employ an infinitesimal gauge-transformation adapted to the local structure of S app t near the zeroes of q. The remaining correction term is found using the global methods from §5.
6.1. Initial gauge correction step. The infinitesimal gauge transformation
is the obvious desingularization of the field γ ∞ used in §3 to remove the main singularity of the limiting configuration. We thus define
or more explicitly,
This is a tangent vector to a small perturbation of a point in (M   app   ) ′ at radius t, so it is natural to rescale this tangent vector by a factor of t and show that it converges as t → ∞. In other words, we consider convergence of the pair (t −1 α t , ϕ t ). Since γ t → γ ∞ in C ∞ away from the zeroes of q, we see that We now examine α t and ϕ t more closely. First,
As for the other term,
We now analyze the asymptotics of the family (t −1 α t , ϕ t ).
as t → ∞, where the coefficients A j,t and B j,t are exponential packets. Outside the union of the disks D p ,
Proof. The exponential decay outside the D p is clear, so we focus on the behavior inside one of the disks. With a holomorphic coordinate z for which q = zdz 2 , we haveq =ḟ dz 2 for some holomorphicḟ . We assume further that H is the standard flat metric on the local holomorphic frame dz ±1 2 and that η vanishes on D p . Then in this region,
We now recall that f t , h t and (r∂ r )h t are all functions of ρ = tr 3 2 and satisfy f t (ρ) → 1 8 and h t (ρ) ≤ Ce −βρ . A brief calculation shows that f
times a smooth exponentially decreasing function of ρ. The assertions now follow once we expandḟ in a Taylor series and write each r j as (t 2 3 r) j t −2j 3 in the expression for α t and r j−1 2 = (t 2 3 r) j−1 2 t (1−2j) 3 in the expression for ϕ t − ϕ ∞ .
We briefly describe the regularity of the coefficients in (32) when pulled back to the spectral curve.
First, up to constant multiples, the coefficients in α t have the form
where we consider the right side as a function of λ ∈ K X . However, f t (r) has a double zero, hence f
) vanishes to order 2, and altogether this expression has a simple zero at the zero section.
On the other hand, the upper right coefficient in ϕ t − ϕ ∞ has the form
where µ t is an exponential packet. This has a simple zero at the zero section of K X , and as we now check, its restriction to the spectral curve is bounded. Indeed, choose the usual coordinate w
The discussion for the coefficient in the lower left is analogous.
In either case, the terms are global exponential packets of precisely the sort considered in Proposition 5.5. 6.2. Second gauge correction step. Following (20), we now solve
Lemma 6.2. The error term is a sum of weighted exponential packets: in each D p ,
Proof. As before, choose a holomorphic coordinate z in D p so that q = zdz 2 , and assume that hermitian metric is trivial on the frame dz ±1 2 . Following the discussion in §4, assume also that η, and henceη
Using (32), we calculate that
which is a sum of exponential packets starting with t 1 3 η 0,t .
The relationship between the gauged infinitesimal deformations to the approximate moduli space and to the space of limiting configurations is then
and hence (36)
This is the equation which expresses the difference between the metric coefficients for the Hitchin and semiflat metrics in this particular direction. By polarization we can obtain a similar expansion for the mixed horizontal
)t −(2+j) 3 , where the S ′ j are symmetric 2-tensors on horizontal tangent vectors which are independent of t.
Proposition 5.5 ensures that all expansions here may be differentiated, so that these are true classical expansions for the horizontal part of the metric.
Observe from Propositions 6.1 and 6.3 that the two terms (t −1 α t , ϕ t −ϕ ∞ ) and t −1 D 1 t ξ t are both sums of exponential packets with the same leading order exponent t 1 3 . This leaves open the possibility of some unexpected cancellations, so that S 0 and perhaps some or all of the remaining S j might vanish.
As already mentioned in the introduction, it has emerged in very recent work by David Dumas and Andy Neitzke that this cancellation actually does occur, at least along the Hitchin section and in horizontal directions. Their forthcoming note [DN] presents a beautiful formula which proves that the integral expressing the difference between the semiflat and Hitchin metrics for the model case of the Hitchin section over C actually vanishes. This relies on a very interesting integral identity, the full meaning of which is not yet clear. It is not hard, using simpler versions of the techniques here, to prove that the rate of convergence for the horizontal metric coefficients over the Hitchin section on a general surface X is exponential. While we now have hope to be able to prove this for all metric coefficients, a number of obstacles remain. We expect to return to this matter in the very near future.
Asymptotics in the radial direction
Amongst the horizontal directions, already analyzed in §6, the radial direction is distinguished. This is, of course, the direction whereq = q, so in particular the termappearing in many formulae in that section equals 1.
Let (A ∞ + η, Φ ∞ ) be a limiting configuration associated with q (normalized so that ∫ X q = 1), and (A app t + η, Φ app t ) the corresponding family of approximate solutions. Then from (14) and the fact that Im(q q) = 0, we obtain α t = 0,
and by (31),
Subtracting these, or more simply using= 1 in (32), we have
Previously, the infinite Laurent expansion ofled to an infinite sum of weighted exponential packets, while here each of the two nonzero entries in ϕ t − ϕ ∞ is a single weighted exponential packet.
Proposition 7.1. This difference has the form
where the two off-diagonal terms are weighted exponential packets.
Next we put (0, ϕ t ) into Coulomb gauge by solving
Notice that the approximate solution (A app t +η, tΦ app t ) is altered by ϕ t , rather than tϕ t , which explains why there is only the single factor t rather than the factor t 2 in (33). Inspecting the terms above, and also rewriting
so as to take advantage of normality at t = ∞, we obtain Proposition 7.2. The error term E t is a diagonal exponential packet,
).
Proposition 7.3. The L 2 metric on a radial tangent vector has the following expansion:
Note finally that by (7), ϕ ∞ 2 L 2 = tq 2 sK at the point t 2 q, and this equals 1 4 provided ∫ X q = 1.
Asymptotics in fiber directions
We now consider variations in the fibre directions. Just as in the previous section, we first compute the infinitesimal deformations of approximate solutions, and then use a similar two-step correction to put these into gauge.
Fix a limiting configuration which, to simplify notation, we write simply as (A ∞ , Φ ∞ ) rather than (A ∞ + η, Φ ∞ ), even though it is not necessarily in the Hitchin section. By Proposition 3.3 and Corollary 3.5, a fibrewise infinitesimal deformation of
where p q ∶ S q → X × is the spectral cover. We use the notation that the complex line bundle
and iL ∞ , of skew-hermitian and hermitian elements, respectively.
We first replace this infinitesimal deformation with one supported in the union of annuli
Proof. Choose coordinates on each D p such that z = p q (w) = w 2 . Then p * q α ∞ = f dw −f dw where f is holomorphic and even with respect to the involution σ(w) = −w (observe that dw, dw are odd with respect to σ). We then choose a local primitive F (w) for f (w), which by replacing F (w) by (F (w) − F (−w)) 2 we may as well assume to be odd, and this then gives a local primitive ξ ∞ Dp for α ∞ by
). Now patch these local primitives ξ ∞ Dp together to obtain ξ ∞ using smooth cutoff functions with gradients supported in ⊔ p∈p A p . The assertions about the supports of ξ ∞ and β ∞ are now obvious. Since d A∞ α ∞ = 0 and F A∞ = 0 we obtain d A∞ β ∞ = 0. Last, since d * A∞ α ∞ = 0 we see that E = −d * A∞ d A∞ ξ ∞ has support in ⊔ p∈p A p .
We can view β ∞ as an ungauged tangent vector to the space of approximate solutions at (A = A ∞ on supp β ∞ . To estimate this, we write ξ t = (ξ ∞ + ξ t ) − ξ ∞ and consider the equivalent equation (40) L t (ξ t + ξ ∞ ) = R t , (where we have written the coefficients as a j (t, z) to emphasize that they are not exponential packets). Next, following the rescaling calculation in §5.1, We next analyze the difference between the initial vertical tangent vector (α ∞ , 0) and the gauged one, Proof. By (38),
and observe also that = ̺ −2 3 t 2 3 , we see that
is a sum of exponential packets, and by Proposition 8.2, so is and since this difference of Higgs fields is a weighted exponential packet, the same conclusion holds.
Corollary 8.4.
We make some comments about why these expansions may be differentiated. Note first that by construction, ξ ∞ is smooth on S q . The term E = d * A∞ β ∞ = −d * A∞ d A∞ ξ ∞ is smooth away from the zero section and has a polyhomogeneous singularity there. The operator L t varies smoothly with the spectral curve, and the derivatives of its coefficients with respect to t∂ t do not change form. As we have seen, this ensures that the solution ξ t to L t ξ t = E also has a smooth expansion. This allows us to conclude that all the expansions in this section may be differentiated.
Asymptotics of cross terms
The horizontal and vertical directions are orthogonal with respect to the semiflat metric, but the L 2 metric has some nontrivial cross terms. We now study their asymptotics.
We have proved above that if v hor and w vert are horizontal and vertical tangent vectors above t where the v j and w j are exponential packets. In analyzing the inner product between a vertical and a horizontal vector, the only terms potentially of concern are those of the form X ⟨µ t ( q ) q −1 2q , η⟩ where µ t is an exponential packet and η one of the terms in the expansion of D ).
The same types of arguments as before, relying on Proposition 5.5, show that these expansions may be differentiated at will.
Proof of Theorem 1.2
We now come to the final steps in the proof of The subtleties in the discussion below involve gauge choices, so we describe the procedure carefully. Recall from §4 that we have actually been working at the level of slices in the premoduli spaces. Thus the construction of the family of approximate solutions corresponds to a diffeomorphism K 1 ∶ S ∞ → S app , while the deformation to a true solution corresponds to a further map K 2 ∶ S app → S. The parametrization of a neighborhood in M ′ by a neighborhood in M ′ ∞ is represented by the composition K 2 ○ K 1 , while the diffeomorphism F is induced by K −1 2 . We must do two things: first we show that K 2 is indeed smooth, and second, we compute the induced map on gauged tangent vectors.
The first of these is a straightforward extension from the original existence theorem. Indeed, we obtain the complex gauge transformation γ t for which exp(γ t )(S app t ) = S t by writing the first part of the Hitchin equation H as a nonlinear map acting on γ and expanding this equation in a Taylor series about γ = 0. This takes the form L t γ = H(S app t ) + Q(γ), where Q is a smooth function of γ (but not its derivatives) which vanishes quadratically as γ → 0. The map L t is invertible as a map on hermitian infinitesimal gauge transformations for each S app t , and it is a standard matter to show that its inverse depends smoothly on S 
